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Question 1
2
@ =[5 _dx=-—t _sC
3J 5+x%)? 3G+x7)
1¢ 2dx 1
b) = | ——==tan*(2x)+C.
()2 4 +1 2 (24)
a 3 4 box
() Itan xdx = xtan X]O_.[01+X2 dx

1

= {xtan‘1 X —%In(1+ xz)}

:Z—llnz
4

0

u?+1

(d) Letu® =2x—1,2udu = 2dx, x =

When x=1Lu=1 whenx=2,u =\/§.

V3 V3
J' lZJdu ZJ‘ Slu =[tan’1u]ﬁ
u +1u 1 u +1 1

1
2
zz(z_zjzz_
3 4 6
4 2X ! 2x
()J.oz 2X + X° .f

t2-2x ! 2x
=j 2dx+_[ j
02—-2X+X o(X— 1) +1 02X

=[-In(2-2x+x*) + 2tan"* (x=1) + In(2 - X )]O

=|ng+2x£_|n2
1 4
-7
=
Question 2
(d) a+ib=1+6-3i+2i=7-
sa=7b=-1
®) () 1+iv/3)@-i) (1+\/§)+i(\@_1).

@+na-i 2
(i) 1+i3 = 20is%,1+i =\/§cis%

Zcisz
.'.1+i\/§= 3 _J2cisZ.
1+i \/Ecisz 12

(i) :~2c0s = 1*{

051_1+x/_ V2+6
12 242 4

(iii) (\/_ms—j Scisz=—64.

(c) Letz =x + iy,
22 +7% = x> -y 4 2ixy + x> —y* = 2ixy
=2x* - 2y°.
x?-2y*=8
X —y? =4,
.. The locus is a rectangular hyperbola.

(d) () M = “’Z;‘T’Z =2 (0+@)

_z 2 2 2 27
€0S— +iSsin— + cosS— —isin—
2 3 3 3 3

z 2 2r
=—X2C0S— = 7C0S—
2 3 3

z

>
(ii) M is also the midpoint of PS,
M oPtS
5
_Z_Z+S
I
.S =-2L
Question 3
@ () R
1
! \/
1 >
1
VI—4  —1+4f3i
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As z%is not real, z is not real. ..p(z) has no real roots.
(i) a® -1=(a®)’ -1= (" -)(a* +a’ +1) .
~Ifaisarootof 1+ 2% +z*=0, it satisfies z° -1=0.
nat=1.

(iii) Substitute z by o,

1+a* +a® =1+a" +a’.a?
=l+a'+a’=0

. o is a zero of p(2).

© @M1 +1 = Z(tan2n 0+ tan?™ g)d
= Xtanz(”‘1 O(tan? 0 +1)d@
— [ *tan2" psec? ado
J 0
|tan*™te |+ 1
2n-1 | 2n-1'
(i) I3+I2=%,I2+Il=%,ll+lozl
I, = ‘1do==
0 4

(d) Resolving the forces
Vertically, mg=T cosax . (D)

Horizontally, T sina = mre® = m/sin aw® .
mle® =T (2)
2 . ml @* T
~~Z gives ——— = :
@ mg Tcosa
0)2 = g .
(cosa

Question 4
@) (i) %rk .

(ii) AKLM = AOLM + AOKL + AOKM

=1rk +£rm+1r£
2 2 2

=%r(k+m+f)

=1rP.
2

(iii) Let the distance from where the wheel touches the
ground to where the board touches the ground be k.

Using the result of part (ii)
%xSx(2+k)=%x2x(6+6+2k+4)

16 + 8k =32 + 4k.

4k =16.

k=4.

.. The board touches the ground at a point 6 m from the
fence.

(iv) The lengths of the boards, let them be s and t, can be
found by Pythagoras’ theorem:

s=v8"+6" =10,t =/8% +(6+9)" =17.

Using the same result of part (ii),

%x9x8=%xrx(9+10+17)

~r _2_ 2 units.
36
2X 2ydy
b At e &
) () 7+ 174
dy__bx
dx a’y’

AtP(x,y,),m=— .
(Xl yl) azyl

Eqn of the tangent'

b*x,
a’ Y1
a’y,y—a’y,’ =-b’xx+b*x’.
2X1X+a2y1y:a2y12 blez'
XX yly_xl
a’ b2 a’ b2

212 %—1(smce (x,,Y,) e ellipse) 1)

y-y, == (X=%)

2

(ii) Similarly, the tangent at Q is —+ {)Zy 1.(2)
a’

XZ)X+(yb yz)y 0 (3)
Since T is the point of intersection of the two lines, T
satisfies the equation (3) above.
(iii) Since O (0,0) also satisfies the equation (3), this
equation is the equation of OT.

Substituting M (%%j to (3),

0 - (2) gives L=
a

LHs = e =%)0a %) (V= ¥o)(¥: +Y,)
2a’ 2b?
_ X12 _Xz2 n y12 - yzz
- 2 2
2a 2b
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:lxi y1 _1fx yz
2\ a? b2 2a2 b2

11 o-res
2 2

.0, T, M are collinear.

Question 5
t t
3 3
(@ () & ~21000( & |- 2100 e ®
dt ° T
(7+3e3)*) 7+3e37+33
t
3
but1—3020=1— 2l _ %’
7+3e3 7+3e3
-9 1[1_Ljp.
Tdt 3 3000
(iiyWhent=0, P = 22990 _ 5100,
7+3
t
iii) When t > «0,e 3 —>0,P=@=3000.
7
(iv) Whent = 0, 3% :1[1—@)2100 210.
dad 3 3000
ﬁzo.l = 10%.
2100

() () PO = (1+DX' ~(n+)

=0 when x" =1,.~. One root is x =1.
p@)=1-(n+1)+n=0.

As 1 satisfies p(x) =0 and di p(x)=0, 1 is the double
X

root.
2
(||) p(x) n(n+1)x"".
d2
For x> O,F p(x) >0: The curve is concave up for x > 0.
X

The curve has a double root at x = 1, i.e. it touches the x-
axis at x = 1, and for x > 0, it is concave up, .. p(x)=0

for all x> 0.

(iii)) Whenn =3, p(x) =

Since (x-1)% = x* —2x+1,

X' —4x+3=(x* —2x+1(x* +3x+3)
=(Xx=1)*(x* +3x+3).

X* —4x +3.

(©) (i) x—a==+vb*-h?.

o ¥ =a-+b’—h* x, =a++b*-h?.

2

(i) Area = X, — 7%

=7r(a2 +(b? —h?)+ 2a/b? - hz)
—7z(a2 +(b? —h?) + 2ay/b? —h? )

=4za\h? —h?.
(iii) oV =4ravb* —h?oh.

V= 47raj Jb? _hZdh = 47Z'a><%ﬂ'b2 — 27%ab?,

Question 6

@ w= \/_—13/CIS(2k7r) CIS—

Let w= cisz—”,\Tvz cis(_ZﬂJ
3 3

=1, CISZ—” CIS(
3

27 27
CoOS— —i sm—
3 3

27r)
3 )

.'.W+V_V=20052—ﬂ=—1WW CISZ—CIS —2r =1.
3 3 3

p(z) =(z-D(z +w)(z + W)
=(z-1)(z° + (W+ W)z + wWw)
=(z-1(z*-z+1)
=7°-27+2z7-1.

2
(b)(i)m:dy/dez bsec” & zbsecﬁ'
dx/d@ asecftand atanéd
y — btanﬁ_bsecg(x aseco).

aytan @ —abtan® 6 = bxsecd — absec’ 6.

bxsecd — ay tan 6 = ab(sec’ @ — tan® )
=ab.

[baesecd — 0 - ab|

Jb?sec? 0+ a*tan? 6
|ab(esecd -1)|
Jb?sec?@+altan?o

(ii) SR =

|ab(esecd +1)|
JbZsec? 0+ a’tan?6
|ab(esecd -1)|
JbZsec? 9+ a’tan? @
|ab(esecd +1)|
Jb2sec? 9 +a’tan’ 0
_a’b*(e*sec’H-1)
b®sec’ @ +a’tan’ @
a’b®(e’*sec’ 0-1)
a’(e’ —1)sec’*@+a’tan’ 4

(iii) Similarly, S'R'=

SRxS'R'=
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B b?(e?sec’ 6 1)
e’sec’ @ —sec’ @ +tan® 0
_ b*(e*sec’0-1)

e’sec’0-1
=b’.
(c) (i) LHS = r}! _ I’!(nnI r)!
ri(n—r)!
RHs = _F_[(r=D!n=n)! _(r-Dn—r+1)!
-1l (- "
_ r=Din-nyt
_r—1{ S (n=(n r+1))}
_r 1 r=nin-nt
_"—1[ n! (r 1)}
ri(n—r)!
:T=LHS.
iyLHs= "~ |+t 1 1
r-1/(r-1 r ; e
EEIAAAAN
1 1 1 1
T _ . )
m-—2 m-1 m-1 o
I
r |1 1

“r-1l1 (m |
r-1

(iii) When m —)oo,(rT:J—)oo,.'. 3

Question 7

oY

JHUIHESHHN
(iv) : :

13) (1 1N2)0N1)1
=3n(n—1)(n—2):n3:6n(n—1)n.
3! 2

n(n-1)(n-2) _ n’

When n is large, ———=—,
3! 6

@

_ 3
and n(n=bin L
2 2

(1) becomes %:1:3, whichis1:2:6.

(b) (i) LTSP = £SQP + ZSPT (exterior angle = sum of
two opposite interior angles)

But ZSQP = ZRPT (angles in alternate segments are
equal) and ZSPT = ZSPR (given).

. ZTSP = Z/RPT + ZSPR = /TPS.

(ii) TRxTQ =TP?( If a tangent and a secant intersect, the
product of the secant and its external segment equals the
square of the tangent)

(c—a)(c—a+a+h)=c’

(c—a)(c+b)=c’

c?+cb—ac—ab=c’.

cb=ac+ab.

1 =1+1, on dividing by abc.
a b c

© () S =-b-w)x (e =ao-v)e

=a(b-v).
(ii) b is the current’s speed.
dx
iii) v=—=b-(b-v,)e™
(i) v="4 (b—vp)
x=bt+>Yogu ¢,

(24

When t =0,y =v,,x=0..C =2~V

a
b-v, _ b-v
—Le " —0
a (04

Bute ™ = b-v ,.'.t:—lln b-v .
b-v, a b-y,

b, b-v b-v, b-v b-v,
S x=——In + -
a b-vy,

SoX=hbt

a b-y, a

nb—v0 +b—v—b+v0
b-v a
nb—v0 LYoV

a b-v a
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() 2p 202 0050 _b )9 5,0 o182
a b-0.5b a a 5 a a
- It has drifted 0.18R units.
a

Question 8
(@ Whenn=1, LHS =cos 6, RHS =
sin20 2sin@cosd

— = - =c0sd.
2sin@ 2sin@

sin2k@

Assume c0sé+c0s36 +...+ cos(2k —1)8 = 2sing
cos@ +c0s36 +...+cos(2k —1)@ + cos(2k +1)0
_sin2ké
~ 2sing
_sin2k@ +2cos(2k +1)@sin g

B 2sin@

_ sin2k& + 2cos 2k@cos Psin & — 2sin 2kPsin® @
- 2sin @

_ €0s 2k@sin 26 + sin 2kO(1— 2sin® O)

B 2sin@

_ cos2k@sin 26 +sin 2k cos 20

N 2sin@

_sin(2k +2)0 _sin2(k +1)6

~ 2sine  2sing

.. The statement is true forn =k + 1.

s tis true foralln > 1.

+cos(2k +1)6

(b) (i) A=27R?sin 5(cosg+ cos% ot cos@j

sinnd

=27R?sin & x
2sin—
2

=27R? x Zsingcoséxw

23iné
2
=27R? cosgsin no

—27R?cos~-, since Z=ns,..sinns =1.
4n 2

(i) As n—> 00,2 —5 0,008~ —1,-. A— 27R?.
4n 4n

(c) (i) f'(t) =ncos(a+ nt)sinb—(—n)sinacos(b —nt).
=ncos(a -+ nt)sinb+nsinacos(b —nt).
f"(t) = —n?sin(a + nt)sinb + n(—n)sin a(-sin(b — nt))
=-n’sin(a + nt)sinb + n’sinasin(b — nt)
=-n? (sin(a +nt)sinb —sinasin(b—nt))
=—n*f(t).
Also, f (0) =sinasinb —sinasinb =0.
(if) f(t)=sinasinbcosnt+cosasinbsinnt
—sinasinbcosnt +sinacosbsin nt
=cosasinbsinnt +sinacosbsinnt
=(sinacosb +cosasinb)sinnt
=sin(a+b)sinnt.
Note: It can be proven using the result of (i) that f(t) is
simple harmonic motion.
(i) S|_n(a+ nt) _ s!na
sin(lb—nt) sinb
Solving sin(a+b)sinnt =0 gives nt =k,
krz

St=—kel.
n

occurs when f(t) = 0.
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